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$_i ' Abstract 



We consider the five dimensional USp(2k) gauge theory which consists of one 
antisymmetric and nj fundamental hypermultiplets. This gauge theory is a many- 
probe generalization of the SU(2) gauge theory in five dimensions considered by 
Seiberg in the context of probing type I superstring by a D4-brane. This gauge 
theory can also be obtained from the USp(2k) matrix model by matrix T-dual 
transformations in the large k limit. 

We exhibit the anomalous interaction associated with this five dimensional the- 
ory on the new phase, where the vacuum expectation values (vevs) of the scalars be- 
longing to the antisymmetric hypermultiplet are also nonvanishing. On the Coulomb 
phase, the anomalous interaction has been computed in |ffl, 0|. 
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1 Introduction 



In recent years, attention has been paid to properties of supersymmetric gauge theo- 
ries with matter multiplets in various dimensions. In particular, parity odd interactions 
obtained from one-loop fermionic determinant or equivalently hexagon diagrams have re- 
ceived much interest till now || [|J] in their interpretation as interactions among branes || . 
They also give distinct contribution to the imaginary part of the effective action and make 
sense beyond renormalizability. These interactions are often called anomalous interactions 
(or Wess-Zumino type terms albeit the fact that can be represented locally in D > 4 di- 
mensions) . 

In this paper, we will provide another example of anomalous interactions. We consider 
the supersymmetric USp(2k) gauge theory in five dimensions with one matter hypermul- 
tiplet in the antisymmetric representation and n/ matter hypermultiplets in the funda- 
mental representation. We consider this theory on the new phase where the vevs of the 
scalars belonging to the antisymmetric hypermultiplet are also nonvanishing. This theory 
is a many-probe generalization of £77(2) gauge theory with rif fundamental matters and 
is also related to the USp(2k) matrix model || [7|, § via matrix T duality operation. 
In the former case, our result exhibits a magnetic interaction among D4-branes in non- 
trivial gauge backgrounds. On the Coulomb phase, the anomalous interaction has been 
computed in |TJ, [|. 

In section 2, we exhibit the five dimensional SYM lagrangian dealt with in this pa- 
per and find the background configurations of our model. In section 3, we present our 
calculation and our final result is eq. (|3. 15| ) 



2 Set up 

2.1 Lagrangian of Five Dimensional USp(2k) Gauge Theory 

We discuss the five dimensional worldvolume gauge theory associated with U Sp(2k) ma- 
trix model. The lagrangian of this five dimensional theory is given by 

l~- £adj f~-asym & fundi (2. 1) 

where 

C adj = ^Tr [~v^ + h(D^v 7 ][V^v 7 ] + U> (adj) T»[V a ^ (adj) ] - ^ {adj) T 7 [v 7 ,^ (adj) ] 

(2. 2 

C-asym = \ Tr ( ^ \\Pv» V M+ } [W ,%+]+ J2 \ K i V M+ ] [«7 > V M+ 
9 \M+=5,6,8,9 1 M+=5,6,8,9 1 

1 ( % - 1 - 7 

^2 2 ^ i as y m )^ i^HJ ^ (asym) J (asym)^ \Pl i ^ (asym) 

- ^ Tr £ l^(asym)T M+ [v M+ ,^ {adj) ]+ £ ~* (adj)^ [v M+ , * (asym)} 

9 \A/+=5,6,8,9 Z M+=5,6,8,9 Z 

+ ^Tr E j[vm+,v n+ }[v m+ ,v n+ }, (2. 3) 

9 M+,N+ =5,6,8,9 



C-fund = -J E E ~ V V V (f)M + ■ V»V U)M+ + J2 ~ V 7 V (f)M+ ' V 7 V {f)M+ 

IJ f=l \M+ =5,6,8,9 Z M+ =5,6,8,9 Z 



+ 3E (^(flr^^f/) - ^(/) r V^ (/) 

y /=i 

1 n/ / 1 1 

- ^ E E ^ m f\f)M+ ■ V(f)M + + -//'/M', /: r V Vl' /: 

i/ /=1 \ M+=5,6,8,9 Z 



U , ^ 1 



^E E ^u)T M+ *ta dJ) v U )M + + E • %*)r M+ * ( /) 

i/ /=l \Af + =5,6,8,9 Z M+=5,6,8,9 Z 



y /=1 41 \M+=5,6,8,9 / 

Here is the five dimensional gauge field, and vr, % + , and t>(/) are respectively USp(2k) 
adjoint, antisymmetric, and fundamental scalars. ^( a dj), ^(asym), an d \&(/) are respec- 
tively USp(2k) adjoint, antisymmetric, and fundamental fermions. These fermions can 
be represented, using thirty-two component Majorana-Weyl spinors in 9+1 dimensions, 
which satisfy = T u ^/ = 

7*(a#) = *(o4f), l^(asym) = -^(asym), 7*(/) = ( 2 - 5 ) 

where 7 = r 5 r 6 r 8 r 9 . 

Let us pause for a moment to discuss that this five dimensional lagrangian can be 
understood from the action of type IIB matrix model 0, followed by the USp projec- 
tions 0. 

S(v M ,m = ^Tr (\lv Ml v N ]{v M ,v N ] - hr M [v M ,m) , (2. 6) 

where v M are bosonic coordinates, and \j/ is a thirty-two component Majorana-Weyl 
spinor, which satisfies C\j> = rn$ = All underlined fields are in u(2k)- valued. We 
can obtain the action of USp{2k) matrix model by introducing the projectors pb T , pf T 
which act on underlined fields, 



where 



S{p bT v M ,p fT m + ^S, (2. 7) 

Pb T V M _ = V M -=J2 V M- T a, (2.8) 
a 

Pb T v M+ = v m+ = Y. v m+ X ^ (2-9) 

a 

fins. = E^+^n+E^-^. 

a Z a Z 

= E*M)^ + E*(a S ym)^a- (2-10) 
a a 

Here T a and X a are, respectively, adjoint and antisymmetric representation matrices of 
USp(2k). M_ = 0,1,2,3,4,7, M+ = 5,6,8,9. We find that S(p bT v M , p fT }t) = S adj + 



S asym = Sadj+asym is the reduced action of d = 4, H = 2 super Yang-Mills with one 
antisymmetric matter. AS contains Sf un d, which is the zero dimensional reduced action 
of rif M = 2 fundamental matters in d = 4. The part in AS which is not contained in 
Sfund is irrelevant to the rest of our discussion. For more detail, see ref. ||. We obtain 
the lagrangian of the five dimensional gauge theory via matrix T-dual transformation 
with respect to directions, or replacement iv^ with the covariant derivative 

£V = ^ + iv^ for fi = 0, 1, . . . , 4. 

For the purpose of our calculation, we would like to regard the present five dimensional 
lagrangian as the reduction of higher dimensional one, when we compute the anomalous 
interaction ||. On the Coulomb phase, we can consider S a dj, S asym and Sf un d as the 
reductions of d = 6, M = 1 supersymmetric theories. However, on the new phase where 
the vevs of the scalars belonging to the antisymmetric hypermultiplet are also nonvanish- 
ing, it is easier to regard S a dj+ aS ym as the reduction, with projections, of d — 10, Af = 1 
supersymmetric theory. 

2.2 Vacuum Solutions 

We will compute the anomalous interaction on the new phase in the next section. Here 
we set all fermionic backgrounds to zero and we find the background configurations of our 
model. From the equations of motion for bosonic fields, 

[v^vr] = 0, 
[v M -,v N+ ] = 0, 

v (f)M+ = 0. (2. 11) 

We find 

v 7 = diagiv^, v 7 2 \ . . . , v 7 k \ -4\ -vf\ ■ ■ • , -v 7 k \ (2. 12) 

VM+ = diag(v^,v^l, . . . ,vfl,v ( M\,v%l, . . . ,v ( m\), (2. 13) 

and all the fundamental bosonic fields vtf\ vanish. The gauge field is in Cartan subalgebra 
of USp(2k). 

2.3 Adjoint and Antisymmetric Representation Matrices 

We present all the elements T of usp(2k) Lie algebra, which satisfy T l F + FT = and 



Tot 
Tuj 


= o-A 
= cr x £ 


5 (i = l,...,k), 


(2- 
(2- 


14) 
15) 


T 2 ij 


= M 


5 -^ e Hj} i 1 ^ 1 < 3 < k), 


(2- 


16) 


T 3 ij 


= a z Q_ 


§ -^ e m (1 < » < j < k), 


(2- 


17) 


Taj 


= 1 2 S 




(2- 


18) 



T 5ij = <T x ®eu (i = l,...,k), (2-19) 
T 6ij = Gy®e u (i = l,...,k), (2. 20) 

where a x , a y , and a z are Pauli matrices and I2 is the unit matrix of size 2. is a /c x k 
matrix such that the element (e^)^ = 5^^;, and = + e^, e^-j = — e^. T j is 
Cartan subalgebra of usp(2k). We define 

if ei = T , (i = l,...,k), (2. 21) 

T± [ei+ e J ) = -^{Tuj ± iT Mj ) (1 < i < 3 < k), (2. 22) 

T± {ei - e]) = -^(T 3ij ± iT 4ij ) (1 < i < 3 < k), (2. 23) 

T ±2ei = -^C% ± iT Kj -) (i = 1, . . . , k), (2. 24) 

where e* are k dimensional basis vectors and ej are dual basis vectors, and e % ■ ej = 5*. 
The commutation relation of Cartan subalgebra H e i and T w is 

[H,,T w ] = e ! .wT w , (2. 25) 

where w e W a( § = {{±(ej + e^), ±(ej — e^), ±2ej}} is the root vector of USp(2k). 

Next, we present all the elements of antisymmetric representation matrices. The 
element X is expressed as 

where A is a real symmetric matrix, and I?, C, D are real skew-symmetric matrices. All 
the elements of antisymmetric representation matrices are 

X 0i = U®e u (i = l,...,k), (2. 27) 



Xuj — <j x 



—1 



We define 



^e {ij] (l<i<j<k), (2. 28) 

X 2ij = o y ® ^=e M (1 < i < 3 < k), (2. 29) 

X 3ij = 1 2 <g> -J=e fe} (1 < i < 3 < k), (2. 30) 

X 4ij = a z ® ~^ e [ij] 0-<i < 3 <k). (2. 31) 



H ei = X 0l (i=l,...,k), (2. 32) 

X Mei+ej) = ^( X uj ± iX 2ij) (l<i<3<k), (2. 33) 

X± {ei -e j ) = ^(X 3ij ± iX^-) (1 < i < 3 < k). (2. 34) 



The commutation relation of Cartan subalgebra H e i and X w is 

[H e ,,X w ] = e t -wX w , (2. 35) 

where w £ W asym = {{±(ej + ej),±(e, — ej)}} is the weight vector of antisymmetric 
representation. Diagonal matrices H e i commute with H e i. 

The commutation relation of a diagonal matrix H ei and T w is 

[H t 4,T w ] = e i -wX w , (2. 36) 

where 

w = ±(ej — 6j) for w = ±(ej — e,-), 

w = ±(ej — ej) for w = ±(ej + e 3 -), 

w = for w = ±2e«. (2. 37) 

Similarly, the commutation relation of a diagonal matrix i? e . and X w is 

[ff ei ,I w ] = e* ■ wT w . (2. 38) 

In terms of H ei and i/ ei , we can express the vacuum solutions as 

k 

V7 = X>? } # ei = v 7 • H, (2. 39) 

i=i 

k 



.(0 

I 

i=l 



= =Vm + -H. ( 2 - 4 °) 



3 Anomalous Interactions of Five Dimensional (7 Sp(2k) 
Gauge Theory 

3.1 Computation of the Anomalous Interactions 

We compute the anomalous interactions on the new phase where the vev s of the scalars 
belonging to the antisymmetric hypermultiplet are also nonvanishing. 

Firstly, we compute the contribution to the one-loop effective action by the adjoint 
and antisymmetric fermions, 

r3£T = -^-^pn ^ P, (3. i) 

where fl = r^(<9 M + iv^j + T 7 iv 7 + T M +iv M+ . 

Under the variation of the gauge field, eq. ( [3. 1|) is 

5T ado+asym = 1 J (fxTl 1 ^" ^^W • 5\ „{x\^\x) 

= \j rf 5 xTr^iip /T r^w • Sv.ixAlx). (3. 2) 



From T M T N = \{T M , T N } + \[T M , T N ] = rj MN + \[T M , T N ], we obtain 



p 2 = J D^ + (w•v 7 ) 2 + ^(w•v M+ ) 2 + ^^^w•^v ^ , 

M+ 

+ zFT 7 w ■ + iT^T M +w ■ d fl v M+ (3. 3) 



We note that all vm are diagonal matrices, and [%, %] vanish. 

We want the terms which is proportional to the epsilon symbol and does not involve 
the metric, so we keep the contribution to the imaginary part of the one-loop effective 
action in the Euclidean formalism. 

tr-padj+asym 
01 1-loop 

~ \ / rf 5 xTri^iip /T ^w ■ 5v,(r 7 w ■ v 7 + r M +w • v M+ )(x\^\x) 
~ % -J rf 5 xTr^iip /T r^w • S^(T 7 w • v 7 + T M +w • v M+ ) 



~ - E E / d 5 xTr ±± 11 + \ ] V w ■ jv,(r 7 w ■ v 7 + r M +w ■ v M+ ) 



r=adj ,asym w£W r 



oo 



[-i) n (T u r x w ■ d v v x + ft 7 w • a^v 7 + r*T M +w • d u v M+ 



n=0 



{d 2 )n+ l 

~ o E (-) E / ^TrrnT^w-^r'w v 7 (x| F/ 

5 r=adj,asym wGW r J 

+ ' £ E /^r 11 r"w.^w.v 7W (- ! ) 4 ( rrM+ *' s " v " + ' 1 l - 

r=adj ,asym w£W r 

+ ^ E E /d 5 xTrr n r^w-^r M +w.v M+ 



(52) 



r=adj ,asym wGW r ' 

,4H) 4 (FT 7 w • ^v 7 )(r A r M +w • d A v M+ ^ 3 



= -4i E R H E fd 5 xw-v 7 e^w-5v^w-d„)(v x w-d p v a )(x\-^\x) 

r=adj,asym wGW r V 0/ 

+ 4i E E /^W-V^^W-Av^W-^VMj^-aAV^J^-^VpJ^-a.VQj 



r=adj ,asym w£W r 



xe M + . + P +Q+(x| _^_ |x) 



r=adj ,asym wGW r 
M+JV+P+Q+ / I 1 I \ 



(3. 4) 



where 



d| = ^ + (w-v 7 ) 2 + £(w-v M 



2 



(3. 5) 



Ma 



and (— )' r ' = 1 for r = adj, (— )' r ' = —1 for r = asym. The value of (9^ 2 )" |x) is given 
by 

i T{n-I 



\x) 



' 1 (2^ T(n) 

We substitute this equation into eq. ( |3. 4j ) 



(w ■ v 7 ) 2 + £}(w • V M+ ] 

Mi 



(3. 6) 



5T1 



adj +asym 



-loop 



16tt 2 



E H |r| E /<* f 



r=adj,asym w£W 

x e ^w^(w^)(wS p v„ 



(w • v 7 ) 2 + J^(w • v M+ ) 2 

M+ 



w • v 7 



+ 



-1 

256?r 2 



e e 

r=adj ,asym wGW r 



X 



(W ■ V 7 ) 2 + ' V A/+ 



W ■ V 7 



+ 



xe^w ■ 5v M w • d u v M+ (w ■ d x v N+ )(w • d p v P+ )(w • 9 ff v 0+ )e w + JV + p +°+ 
-1 



64tt 2 



E E j rf 

r=adj ,asym wSW r 



(w ■ v 7 ) 2 + J^(w • V M+ } 



Ai/ 4 



w • V M , 



xe 



• <5v M (w • 0„v 7 )(w • d x v N+ )(w ■ d p v P+ )(w ■ d a v Q+ )e M + N + p + Q \ 



(3. 7) 



We can simplify the first term in eq. (|3. 7|) , 



tr-padj +asym 
01 1-loop 



16tt 2 



E / ^ f( w ■ v r) 2 l 5 w ■ v 7 e^ CT w ■ <5v M (w ■ <%v A )(w ■ d p v CT ) + 



we{{±2 ei }} 



16 ^ E / d 5 £^n(w ■ v 7 )e^ A ^w ■ 5v M (w • d„v A )(w • 9 p v ff ) + . . . . 



wG{{±2e s }} 



(3. 



Finally, we obtain 

-padj+asym 
1 1-loop 



J-^ £ | d 5 xsgn(w ■ v 7 )e^w • v M (w ■ ^v A )(w • d p v a ) 



w€{{±2e,}} 



+ 



256tt 2 



E E 

r=adj ,asym w6W r 



X 



(W ■ V 7 ) 2 + E( W ' Y M+ 



W • V 7 



xe ^x P a w . v ^( w . ^v M+ )(w ■ 9 A Viv + )(w ■ <9 p v P+ )(w ■ d a v Q+ )e 



M+N+P+Q+ 



+ 



64tt 2 



E E H 



X 



[w ■ V 7 ) 2 + J2( W ' V M+) 5 

M+ 



w • V M , 



r=adj,asym w£W r 

xe^w • v M (w • clv 7 )(w • d x v N+ )(w • <9 p v P+ )(w • a CT v Q+ )e M + JV + p + Q +. 



(3. 9) 



Similarly, We compute the contribution to the one-loop effective action by the funda- 
mental fermions, 



pfund _ 1 \ -> 1 T 1 11 1 -I- I ) 7 . m 

1 1-loop - nL o n m f / fn' 



2 ^ 2 
Z /=1 Z 



(3. 10) 



where ft {f) = T^(d u + iv^) + T 7 i(v 7 + m f ) + T M +iv {f)M+ and (-)\f und \ = -1. We take the 
variation with respect to the gauge field and pick up the relevant terms, 



und 
loop 



1 n f 

= J^(-) lfUndl EE/ d 5 xsgn(w • v 7 + m f )e^w • <^(w • 0„v A )(w • d p v a ), 

(3. 11) 



/=i wew /und ' 



where W fund = {{±ei}}. 
Finally, we obtain 

■pfund 
1 1-loop 



1 n f 

= -^(-) lfundl EE/ d 5 xsgn(w • v 7 + m f )e^w ■ v u (w • d„v A )(w • d p w a ). 

/=lwGW /und 



(3. 12) 



3.2 Summary of Our Results 

We have exhibited the anomalous interaction on the new phase, 

-p padj+asym . -pfund 

1 1— loop — J- A „] nor , -+- 1 | 



padj+asym 
1 1-loop 



■pac 

1— loop 1 1— loop' 

-^Trl±^p /T ln^, 



i^i + r u i-7 

/=i 



where 



^ = T^d a + iv a ) + T 7 iv 7 + T M Hv M+ , 
p u) = T»(d a + iv a ) + T 7 i(v 7 + m f ). 



(3. 13) 



(3. 14) 



We have obtained 



1-1— loop 

48 



+ 



+ 



l — I d 5 xsgn(w • v 7 )e^w • v p (w • cU A )(w ■ <9 p v ff ) 

" n we{{±2e l }}' / 

E E / <P™gn(w ■ v 7 + m / )e^ CT w • v M (w ■ 0„v A )(w ■ d pV(J ) 



48vr 



/=1 wgW /llnd ' 



-1 



256tt 2 



E E 



(fx 



w • v 7 



(w ■ v 7 ) 2 + J2(w ■ V M+ ) 

r=adj,asym wGW r 

xe^w • v p (w • cU M+ )(w • 9 A v w+ )(w • a p v P+ )(w • «9 CT v Q+ )e M+iV + p +^ 



-1 
64^2 



E E 



(Fx 



w ■ V M , 



(w • V 7 ) 2 + E(W ' V M+) 2 

r=adj ,asym w£W r 

xe ^ w . V/i ( w . ^v 7 )(w • 5 aVjv+ )(w • d p v P+ )(w • d a v Q+ )e M+N+p+Q+ , 



(3. 15) 



where W /w = {{±e, ; }}. 

The first and the second terms have been computed in 0]. The third and the 
fourth terms are the anomalous interactions we have found. These interactions represent 
a generalized Lorentz force among D4-branes in the multiprobe picture 0]. 
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